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Abstract
We study the occurrence of a strong first-order electroweak phase transition
in composite Higgs models. Minimal constructions realising this scenario are
based on the coset SO(6)/SO(5) which delivers an extended Higgs sector with
an additional scalar. In such models, a two-step phase transition can be ob-
tained with the scalar singlet acquiring a vacuum expectation value at inter-
mediate temperatures. A bonus of the Nambu–Goldstone boson nature of the
scalar-sector dynamics is the presence of non-renormalisable Higgs interactions
that can trigger additional sources of CP violation needed to realise baryoge-
nesis at the electroweak scale. Another interesting aspect of this scenario is
the generation of gravitational wave signatures that can be observed at future
space-based interferometers.
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1 Introduction
It is conceivable that the Universe, during its evolution, underwent several spontaneous-
symmetry-breaking events. The study of the corresponding phase transitions is therefore
of the utmost theoretical and phenomenological interest. Among these events, the elec-
troweak (EW) transition plays a privileged role, being responsible for the generation of
the masses of the elementary particles. An intriguing possibility, that would make this
transition even richer, is the fact that it could provide the necessary conditions to trig-
ger baryogenesis. This scenario is very appealing not only from the theoretical point of
view but also from the experimental perspective. Apart from the possible cosmological
signatures, the dynamics involved in EW baryogenesis (EWBG) is tied to the TeV energy
scale, and is therefore testable at present and near-future collider experiments [1]. This
has to be contrasted, for instance, with the vanilla leptogenesis scenario in which the scale
of new physics is typically ΛNP & 109 GeV, well above the reach of foreseeable collider
probes.
Realising EWBG, however, is not easy. As well-known, the Standard Model (SM)
fails in satisfying quantitatively the Sakharov conditions. In fact, CP violation from the
CKM matrix is not enough to guarantee the generation of the observed matter-antimatter
asymmetry and the EW phase transition (EWPhT) it is not sufficiently strong (it is
actually only a cross-over) to trigger a significant departure from thermal equilibrium. As
a consequence, baryogenesis at the EW scale necessarily requires new physics Beyond the
SM (BSM), in particular new sources of CP violation and a modified (possibly enlarged)
scalar sector that could provide a sufficiently strong first-order EWPhT.
Another interesting aspect of EWBG is provided by the additional observational con-
sequences related to gravitational waves (GWs). Indeed, the violent environment due to
a strong first-order phase transition gives rise to a significant amount of energy released
in the form of GWs. The peak frequency of this signal is unfortunately too low to be
tested at present ground-based interferometers. However near-future space-based exper-
iments, such as LISA, BBO and DECIGO, will be sensitive to the interesting range of
wave spectra.
The possibility to achieve a first order phase transition at the EW scale has been
scrutinised in several BSM scenarios. For example, in the minimal supersymmetric SM
a sufficiently light stop squark can provide a large contribution, through thermal loops,
to the cubic term in the temperature-dependent effective potential [2, 3]. Alternatively,
a barrier can be generated already at tree-level by an extended scalar sector as in the
singlet-augmented SM [4–6, 1, 7–9] or in 2-Higgs doublet models [10–13]. Recently, some
attention has also been devoted to the cosmological consequences of a dilaton state emerg-
ing from the spontaneous breaking of the conformal symmetry of a strongly coupled dy-
namics [14–16]. Finally model-independent approaches based on the effective-field theory
parametrisation have been considered in refs. [17–20], in which the impact of higher-order
terms in the Higgs potential has been studied.
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New physics models in which the Higgs boson arises as a pseudo Nambu–Goldstone
Boson (NGB) from a strongly interacting theory can provide other natural scenarios in
which first-order transitions can be obtained. The simplest models realising the idea
of a NGB Higgs, the minimal Composite Higgs Models (CHMs) [21], are based on the
symmetry breaking pattern SO(5) → SO(4), which delivers the four real scalar degrees
of freedom that build-up a SM-like SU(2) Higgs doublet. In these scenarios the Higgs
couplings are modified, but the strong experimental constraints already put an upper
bound of order 10% on these deviations [22, 23]. Moreover direct and indirect searches
exclude additional composite resonances for masses below ∼ 1 TeV [24–26]. For these
reasons the corrections to the Higgs thermal potential are necessarily small and can not
convert the EWPhT into a strong first-order one.
Successful CHMs exhibiting a first order EW transition can instead be realised by
considering non-minimal symmetry-breaking patterns. A simple possibility, on which we
will focus in this work, is provided by the coset SO(6)/SO(5) [27,28], in which the Higgs
doublet is accompanied by an extra real scalar η. In this case the effective potential for
the scalar fields allows for a much richer phase-transition behaviour. The EW transition
may proceed directly from the symmetric phase to the EW-symmetry-breaking (EWSB)
one or via some intermediate steps. The latter possibility is particularly interesting.
As we will see, in a large part of the parameter space of the model, a two-step EWSB
transition can be realised, in which the singlet gets a vacuum expectation value (VEV)
at intermediate temperatures. In such case, the presence of a H2η2 portal interaction
creates a barrier between the EW vacuum and the intermediate vacuum, giving rise to a
first-order transition that can be strong enough to allow for baryogenesis.
Another interesting aspect of the composite scenario is the fact that the NGB nature of
the Higgs implies the presence of non-renormalisable Higgs interactions that can provide
additional sources of CP violation. As we will see, interactions of the form η h t¯L tR, are
naturally there in SO(6)/SO(5) models and can trigger CP-violating effects during the
nucleation of bubbles in the first-order transition.
The paper is organised as follows. In sec. 2 we briefly review the properties of the
EWPhT in minimal CHMs based on the SO(5)/SO(4) coset. In sec 3 we study the
general structure of the effective potential for a scenario with an extra singlet scalar.
In particular we consider a renormalisable potential, which, as we will see, can be used
as a good approximation for the full potential in the NGB Higgs case. By exploiting a
high-temperature approximation, we find the conditions that allow for a two-step EW
transition and derive approximate analytical expressions for the position of the minima
and the phase transition temperature. In sec. 4 we consider the SO(6)/SO(5) composite
Higgs scenarios. We inspect several embeddings for the SM fermions, matching the full
effective potential with the renormalisable one introduced in sec. 3. In particular, we
discuss the range of parameters accessible in each explicit scenario and the generation of
the η h t¯L tR operator. In sec. 5 we explore the properties of the EWPhT. We determine the
regions of parameter space in which a two-step transition can happen. We also determine
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numerically some important quantities that characterise the first-order transition, namely
the critical and nucleation temperatures, the strength of the transition, the vacuum energy
density, the width of the bubble wall and the inverse duration of the transition. All these
parameters are important because they control the generation of GWs and the possibility
to achieve baryogenesis. The spectrum of the GWs and the possibility to test them at
future space-based interferometers are discussed in sec. 6, while the possibility to achieve
baryogenesis is investigated in sec. 7. In the latter section we also discuss the generation
of CP violation and the bounds coming from the experimental flavour data. Finally in
sec. 8 we present our conclusions.
In the appendices we collect additional results on the effective potential in SO(6)/SO(5)
CHMs (appendix A) and analytical results for the properties of the EWPhT obtained in
the thin-wall approximation (appendix B).
2 Models with a minimal Higgs sector
Before considering the class of scenarios we are interested in, namely the ones with a
Higgs sector extended with an additional singlet, we briefly review the properties of the
EWPhT in minimal CHMs with only one Higgs doublet. This preliminary discussion is
useful to fix our notation and discuss a few key approximations that will be employed in
the main analysis.
The simplest viable CHM is realised through the coset SO(5)/SO(4) [21]. This sym-
metry pattern gives rise to one Higgs doublet and preserves a custodial invariance, which
helps in keeping under control dangerous corrections to the precision EW parameters.
The leading terms in the scalar potential for the physical Higgs field h can be schemat-
ically written as
V (h) = −αf 2 sin2 h
f
+ βf 2 sin4
h
f
, (1)
where f is the Goldstone Higgs decay constant. The main contributions to the parameters
α, β come from the top and fermionic top-partners sector, whereas the gauge sector typ-
ically gives smaller corrections.1 Regardless of the details of the model, the parameters
α, β must reproduce a realistic EWSB and the correct Higgs mass. As such, they are
forced to satisfy the tuning conditions α = 2βξ and m2h = 8ξ(1− ξ)β with ξ = sin2〈h〉/f .
A minimal amount of tuning of order 1/ξ is therefore unavoidable [29].
The one-loop thermal corrections to the Higgs potential are given by
VT (h, T ) =
∑
b
nbT
4
2pi2
JB
(
m2b(h)
T 2
)
−
∑
f
nfT
4
2pi2
JF
(
m2f (h)
T 2
)
(2)
1In eq. (1) we assumed that the top partners transform in the fundamental representation of SO(5).
For different representations the periodicity of the potential is in general different. For our illustrative
purposes this detail is however irrelevant.
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where b, f run over the bosonic and fermionic degrees of freedom, with nb and nf the
corresponding number of degrees of freedom. The thermal integrals are
JB(y) =
∫ ∞
0
dx x2 log
[
1− e−
√
x2+y
]
, JF (y) =
∫ ∞
0
dx x2 log
[
1 + e−
√
x2+y
]
. (3)
If we are interested in temperatures (much) below the mass scale of the composite reso-
nances, the only fields that give rise to relevant thermal corrections are the SM degrees of
freedom, in particular the gauge fields, the top quark and the Higgs itself. Their masses
are given by
m2W (h) =
g2
4
f 2 sin2
h
f
, m2Z(h) =
g2 + g′2
4
f 2 sin2
h
f
,
m2t (h) =
y2t
2
f 2 sin2
h
f
,
m2h(h) =
m2h
4ξ(ξ − 1)
(
(2ξ − 1) cos 2h
f
+ cos 4
h
f
)
. (4)
In order to tame the infrared singularity of the finite-temperature effective potential in
the high T limit, we also implemented the one-loop ring-improved corrections by replacing
the T = 0 masses of the scalars and of the gauge bosons with the corresponding thermal
masses.
The structure of the potential and the thermal corrections are analogous to the SM
ones. The only difference comes from the presence of non-linearities due to the Goldstone
nature of the Higgs, whose size is controlled by the ξ parameter. The current experimental
bounds, from EW precision measurements [22], Higgs couplings measurements [23] and
direct searches for top partners [30, 24], impose the quite stringent constraint ξ . 0.1 on
the compositeness scale. The effects of the non-linearities are therefore small and do not
significantly modify the properties of the EWPhT. As a consequence we expect, for a
heavy enough Higgs (mh & 80 GeV), the EWPhT to be rather weak, possibly just a cross
over, as in the SM. This expectation is confirmed by a numerical analysis (see left panel
of fig. 1) which shows that no significant barrier is present at the critical temperature.2
As we already mentioned the validity of the previous discussion is restricted to temper-
atures below the mass of the composite resonances, T  mlightest, with mlightest being the
mass of the lightest resonance. As the temperature approaches the mass of the composite
states, the compositeness scale drops rapidly to zero [32,33]. For higher temperatures the
global symmetry of the strongly interacting theory is restored and the description of the
light degrees of freedom in terms of the chiral Lagrangian is no longer correct. In minimal
models the masses of the composite resonances are strongly constrained by the direct
2As shown in ref. [31], the degeneracy between the h = 0 and h = pif vacua can be lifted by a small
tilt in the potential. This allows for quantum tunnelling through a barrier from the metastable vacuum
to the true ground state if, during the cosmological history, the system ended up in the false vacuum
configuration.
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Figure 1: Left panel: normalised scalar potential in the SO(5)/SO(4) CHM at T = 0 (blue curve)
and at the critical temperature (red curve). The parameters are chosen to correctly reproduce
the EW vacuum and the Higgs mass. Right panel: schematic illustration of the two-step phase
transition. A darker colour corresponds to a deeper potential at the critical temperature Tc.
experimental searches. In particular the fermionic top partners are excluded up to masses
of order 1 TeV (see for instance ref. [25]) and the vector resonances up to ∼ 2 − 3 TeV
(see for instance ref. [26]). The EWPhT in these models happens at temperatures well
below the TeV scale, so that the approximation of neglecting the resonances effects is
fully justified.3
3 Models with an additional singlet
The failure of the minimal CHM in realising a first order EWPhT motivates the ex-
ploration of more complex scenarios with extended global symmetries and a non-minimal
Higgs sector. In this respect, CHMs based on the SO(6)/SO(5) coset [27] are very promis-
ing since they predict an extra scalar, neutral under the SM group. As well-known, in the
elementary singlet-extended SM, the presence of a light scalar can help achieving a first
order phase transition through a tree-level barrier in the scalar potential.
As we saw in the previous section, phenomenologically viable models require the VEV
of the scalar fields in the Higgs sector to be significantly smaller than the compositeness
scale f , so that ξ  1. In this regime, the non-linearities due to the Goldstone nature
of the Higgs are small and the whole potential can be well approximated by a simple
expansion including quadratic and quartic terms in the scalar fields. This approximation
3The effects of resonances on the properties of the EWPhT have been studied within the holographic
realizations of the composite Higgs scenarios [34]. The results confirm that resonances with a mass larger
than the critical temperature have a small impact on the properties of the phase transition.
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allows us to map the potential onto the one of the elementary singlet-extended SM.
For phenomenological reasons that we will discuss later on, we are interested in models
characterised by a (possibly approximate) discrete Z2 symmetry Pη under which the
additional scalar η switches sign. In this case the zero-temperature scalar potential for
the physical Higgs h and the η singlet can be parametrised up to quartic terms as
V (h, η) =
µ2h
2
h2 +
λh
4
h4 +
µ2η
2
η2 +
λη
4
η4 +
λhη
2
h2η2 . (5)
We can understand the main features of the EWPhT in this model by studying the
thermal potential in the leading high-temperature expansion. In this approximation the
scalar fields acquire temperature-dependent masses given by
VT (h, η, T ) =
(
ch
h2
2
+ cη
η2
2
)
T 2 . (6)
The coefficients ch and cη, taking into account the corrections coming from the gauge
bosons, the top and the scalar sector, are given by
ch =
1
48
(
9g2 + 3g′2 + 12y2t + 24λh + 2λhη
)
, cη =
1
12
(4λhη + λη) . (7)
At very large temperatures, the thermal masses bring the vacuum in the symmetric config-
uration (h, η) = (0, 0). When the temperature drops down, the symmetric minimum be-
comes unstable and the system eventually ends into the EWSB vacuum (v = 246 GeV, 0)
at T = 0. This is obviously possible only if the (v, 0) configuration is the global minimum
of the potential, which is ensured by the condition
λη >
µ4η
µ4h
λh = 2
(m2η − λhηv2)2
m2hv
2
, (8)
requiring a sufficiently large quartic coupling for the singlet.
The transition to the electroweak vacuum may happen in two ways depending on the
parameters of the potential: through a single, usually dubbed “one-step”, transition, or
through a “two-step” process. In the first case, the singlet never gets a VEV during the
cosmological history, µη > 0. A first-order phase transition can be triggered by zero-
temperature loop effects, but this can happen only for very large values of the portal
coupling λhη, which, as we will see, are difficult to get in CHMs. For smaller values of
λhη a second order transition (or a cross over) is obtained. In the two-step case, instead,
the singlet η temporarily acquires a non-zero VEV at intermediate temperatures and only
at a lower temperature a transition to the EWSB vacuum is realised. This process is
schematically shown in the right panel of fig. 1. We will focus our discussion on the latter
scenario, in particular on the case in which the zero-temperature minimum is the EWSB
one (v, 0). This scenario requires the two conditions
µ2η < 0 , µ
2
η + λhηv
2 > 0 . (9)
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The first one is obviously needed to trigger a VEV for the singlet at high temperature,
while the second one ensures that the EWSB vacuum is the global minimum of the
potential at zero temperature.
The two-step pattern can be easily achieved since typically ch > cη, due to the fact
that the Higgs field couples to a larger set of light degrees of freedom. Since the zero-
temperature mass terms µh and µη are usually of the same order, the η field can get a
negative squared mass at higher temperatures than the Higgs, thus triggering a VEV for
η but no breaking of the EW symmetry. At lower temperatures the potential develops an
additional minimum along the h direction, generating two minima separated by a tree-level
barrier. If the EWSB minimum (v, 0) is the global one at sufficiently low temperatures,
when the Universe cools down, the system collapses in the true ground state with a
first-order phase transition. This process is described by the nucleation of bubbles of true
vacuum in a background of the unstable EW-symmetric configuration. The strength of the
transition is parametrised by vc/Tc. This is a crucial parameter controlling the efficiency
of EWBG and, in particular, a strong first-order transition with vc/Tc > 0.6− 1.6 [35, 1]
prevents sphalerons to wash out the baryon asymmetry inside the broken phase.
The critical temperature Tc and the corresponding position of the minima (vc, 0) and
(0, wc) can be easily computed in the high-temperature expansion and are given by
v2c =
cη µ
2
h − ch µ2η
ch
√
λhλη − cη λh
, w2c = v
2
c
√
λh
λη
,
v2c
T 2c
=
cη µ
2
h − ch µ2η
λh µ2η −
√
λhλη µ2h
. (10)
In order to ensure that the (0, w) minimum becomes deeper than the EWSB one at
intermediate temperatures, the following conditions must be satisfied
ch/cη >
√
λh/λη , ch/cη > µ
2
h/µ
2
η . (11)
4 The SO(6)/SO(5) model
We can now focus on the class of models involving a strong sector characterised by the
symmetry breaking pattern SO(6)→ SO(5). This symmetry structure delivers five NGB
fields transforming as the 5 of SO(5) and decomposing as 4 ⊕ 1 ' (2,2) ⊕ (1,1) under
the subgroup SO(4) ' SU(2)L× SU(2)R. As usual, the bidoublet describes the SM Higgs
fields while the singlet component corresponds to an extra scalar degree of freedom in the
NGB spectrum.
The NGB fields piaˆ in the fundamental representation of SO(6) are described by the
matrix
U = exp
(
i
Π
f
)
= 1 + i
spi
pi
Π +
cpi − 1
pi2
Π2 with Π =
√
2piaˆT
aˆ = −i
(
05×5 pi
−piT 0
)
, (12)
where the index aˆ runs over the five broken SO(6) generators T aˆij = − i√2
(
δaˆi δ
6ˆ
j − δaˆj δ6ˆi
)
with aˆ = 1, . . . , 5, and we used the short-hand notation spi = sin
pi
f
, cpi = cos
pi
f
and
pi =
√
piaˆpiaˆ.
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In order to describe the dynamics of the Goldstones and derive the expression of
the effective potential, it is useful to choose a reference direction for the spontaneous
breaking of the SO(6) symmetry, namely Σ0 = (0, 0, 0, 0, 0, 1)
T . The Goldstones can be
thus encoded in the multiplet
Σ = UΣ0 =
(pii
pi
spi, cpi
)T
=
(
hi
h
sh, sη,
√
1− s2h − s2η
)T
. (13)
Notice that in the second equality we introduced a different parametrisation of the Gold-
stones, in which hi (i = 1, 2, 3, 4), describe the Higgs doublet components and η the singlet
(sh and sη are defined in analogy with spi). This parametrisation is more convenient for
small values of the Higgs and η VEVs, as the ones we will be interested in our analysis.
This redefinition, indeed, ensures that the scalar fields are canonically normalized in all
configurations in which either 〈h〉 = 0 or 〈η〉 = 0. This can be seen from the following
Lagrangian including the kinetic terms for the physical Higgs h and the η as well as the
interactions with the gauge fields
Lkin = f
2
2
|DµΣ|2 = 1
2
[
(∂µh)
2 + (∂µη)
2 +
1
f 2
h η ∂µh ∂
µη + · · ·
+g2f 2 sin2 h/f
(
W µ+W−µ +
1
2 cos2 θW
ZµZµ
)]
, (14)
where the dots on the first line denote additional higher-order terms involving derivatives
of the scalar fields.
It is important to stress that the non-linear Goldstone structure unavoidably leads
to mixed kinetic interactions involving both h and η. In the form we choose, however,
these terms are not relevant in the minima of the potential (in which at least one of the
scalars has vanishing VEV). Possible effects are instead present away from these minima,
in particular they can determine a distortion of the bounce trajectory that the fields follow
during the phase transition from the (0, wc) to the EWSB vacuum (vc, 0). We checked
numerically that these effects are small (at most at the percent level), so that they can
be safely neglected in the numerical studies.
Notice that the parametrisation in eq. (13) reduces to the usual SO(5)H → SO(4) sym-
metry breaking structure for η = 0, where SO(5)H is identified with the SO(6) rotations
that leave invariant the 5-th coordinate. On the other hand, for hi = 0, one obtains an
SO(2)η → nothing non-linear σ-model, where SO(2)η correspond to the rotations in the
5-th and 6-th coordinates. These limits will be useful later on to understand the structure
of the effective potential for the Higgs and the additional scalar singlet.
Before concluding our general discussion of the SO(6)/SO(5) structure, we consider
the discrete symmetries that can characterise the composite sector and its mixing with
the elementary states. In particular we highlight the discrete Z2 symmetry Pη, under
which [28]
(h1, h2, h3, h4, η)→ (h1, h2, h3, h4,−η) . (15)
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This symmetry is not part of SO(5) (nor of SO(6)), but commutes with SO(4) and can
be seen as a parity transformation extending SO(6)/SO(5) to O(6)/O(5). Under Pη the
Goldstone matrix U transforms as U → Pη · U · Pη, with
Pη = diag(1, 1, 1, 1,−1, 1) . (16)
The σ-model Lagrangian at the two-derivative level is automatically endowed with the Pη
symmetry, while higher-order terms do not necessarily preserve it (for instance operators
involving the Levi–Civita tensor, such as the Wess–Zumino–Witten term). As we will see
in the following, Pη is also useful to forbid a tadpole for η in the fermionic contribution
to the effective potential, leading to the Z2 symmetric form given in eq. (5).
4.1 The fermion sector
Under the framework of partial compositeness [36], the elementary fermions couple linearly
to operators of the strong sector, λψψ¯Oψ, whose quantum numbers determine the SM
fermion interactions and their contributions to the effective potential of the NGB fields.
The latter is generated by the explicit breaking of SO(6) since the elementary fermions
do not fill complete representations of the global symmetry group. In the following, we
will focus our attention on the top sector since it gives, in general, the largest contribu-
tion among the SM fermions. When necessary, we will introduce the lighter quarks and
comment on their impact.
Several representations for the composite fermionic operators can be considered. The
simplest ones, and their decomposition under SO(4) × SO(2)η ' SU(2)L × SU(2)R ×
U(1)η [28], are given by
1 = (1,1)0 ,
4 = (2,1)+1 ⊕ (1,2)−1 ,
6 = (2,2)0 ⊕ (1,1)+2 ⊕ (1,1)−2 ,
10 = (2,2)0 ⊕ (3,1)+2 ⊕ (1,3)−2 ,
15 = (1,3)0 ⊕ (3,1)0 ⊕ (1,1)0 ⊕ (2,2)+2 ⊕ (2,2)−2 ,
20′ = (3,3)0 ⊕ (2,2)+2 ⊕ (2,2)−2 ⊕ (1,1)+4 ⊕ (1,1)−4 ⊕ (1,1)0 (17)
The singlet representation 1 can obviously be used only to embed the right-handed quark
components and must be necessarily complemented by another representation for the left-
handed quark doublets. If the latter are embedded in the 6, a potential for the scalar
singlet is not developed, while if the 15 is chosen, a mass for the top quark cannot be
generated. Instead, if the left-handed quark doublets are embedded in the 20′ with right-
handed quarks in the 1, the scenario that emerges is not dissimilar to the simpler one with
both quarks in the fundamental representation. For these reasons we will not consider
models with the right-handed quarks in the 1 representation.
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The spinor representation 4 does not contain a (2,2) and, as such, is not adequate
for the embedding of the top quark doublet since it would generated a large correction to
the Zb¯LbL coupling.
The 10 is suitable for the embedding of the left-handed quark doublet in the (2,2)0
and the right-handed quark in the (1,3)−2. Nevertheless, these embeddings would not
generate a potential for the scalar singlet since they do not break SO(2)η.
For these considerations we will focus our discussion on the properties of the repre-
sentations 6,15 and 20′.
4.1.1 Fermions in the fundamental representation
The simplest model is realised by embedding the quark doublet qL and the right-handed
components uR, dR in the fundamental representation of SO(6). We denote this set-up
as the (6,6) model. As well known, in order to accommodate the correct hypercharges
for the fermions, an additional unbroken U(1)X global symmetry must be introduced
in the composite sector (see appendix A.3 for more details). The U(1)X charges of the
right-handed fields are, respectively, XuR = 2/3 and XdR = −1/3, required to reproduce
the correct hypercharge assignment. Consequently, the qL must be embedded into two
multiplets with different U(1)X charge, namely one with XqL = 2/3 in order to generate a
mass term for the up-type quarks, and a second one with Xq′L = −1/3 for the mass term
of the down-type quarks.4 Notice also that the qL embedding does not break SO(2)η and
does not generate a potential for the singlet η.
In order to derive the form of the effective potential, it is useful to uplift the mixing of
the elementary fermions to the composite operators to a formally SO(6)-invariant form.
This can be done by the introduction of spurions, namely [37–39]
Lferm = q¯αL(ΛqL)Iα(OqL)I + q¯αL(Λq′L)Iα(Oq′L)I + u¯R(ΛuR)I(OuR)I + d¯R(ΛdR)I(OdR)I , (18)
α being an SU(2)L index and I an SO(6) index. The corresponding spurions are given by
Λ6qL =
λqL√
2
(
0 0 i −1 0 0
−i 1 0 0 0 0
)T
, Λ6uR = λuR
(
0 0 0 0 eiαu6 sin θu6 cos θu6
)T
,
Λ6q′L =
λq′L√
2
(
i 1 0 0 0 0
0 0 −i −1 0 0
)T
, Λ6dR = λdR
(
0 0 0 0 eiαd6 sin θd6 cos θd6
)T
. (19)
Notice that the embedding of the qL doublet into the 6+2/3 and 6−1/3 representations is
fixed. On the contrary there are two independent embeddings for the right-handed quarks,
which can populate both the 5-th and the 6-th component of the SO(6) multiplet. The
admixture is parametrised by the angles θu6 , θd6 and by the complex phases αu6 , αd6 . If
4Since the (2,2)X=−1/3 breaks the custodial symmetry that protects the Zb¯LbL coupling from large
corrections, it is important to assume that the quark doublet is mostly described by the (2,2)X=2/3
representation which is usually guaranteed by the smallness of the mass of the bottom quark with respect
to that of the top.
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θu6,d6 = pi/2 the couplings of the right-handed fermions do not break the SO(5)H subgroup
(see sec. 4) and do not give rise to a potential for the Higgs doublet. In this case it is
difficult to realise a phenomenologically viable scenario.
The operators contributing to the effective potential can be obtained by constructing
invariant combinations using the spurions in eq. (19) and the Goldstone multiplet Σ [38,
39]. We can classify them in powers of the elementary–composite mixing parameters,
λqL,q′L,uR,dR .
At the quadratic level there are only four independent invariants. Namely the two
combinations
O(2)qL ≡ ΣT ·Λ6qL · Λ6qL
† ·Σ = 1
2
|λqL|2s2h , (20)
O(2)uR ≡ ΣT ·Λ6uR Λ6uR
† ·Σ = |λuR |2 |fu6(h, η)|2 , (21)
where
fu6(h, η) ≡ cos θu6
√
1− s2h − s2η + eiαu6 sin θu6sη , (22)
and the analogous ones built from the Λ6q′L
and Λ6dR spurions. The coefficients multiplying
the quadratic invariants generated at one-loop level are of order Nc
16pi2
m2Ψ, wheremΨ denotes
the mass scale of the fermionic partners.5
The O(2)qL and O(2)q′L invariants only depend on the Higgs doublet and not on η, since
the Λ6qL and Λ
6
q′L
spurions do not break the SO(2)η symmetry. The structure of the O(2)uR
and O(2)dR invariants is instead more complex. For definiteness we focus on O
(2)
uR . As we
mentioned before, for θu6 = pi/2 the Λ
6
uR
spurion does not break the SO(5)H symmetry
and does not generate a potential for the Higgs doublet. Let us now focus on the Pη
symmetry. Two obvious cases in which Pη is preserved correspond to the choices θu6 = 0
and θu6 = pi/2, in which the tR is embedded in only one of the last two components of
the SO(6) multiplet. There is however an additional case in which the O(2)uR invariant is
symmetric under Pη, namely when αu6 = ±pi/2 (regardless of the value of θu6). This is a
consequence of a more general result which shows that if the composite sector is invariant
under O(5) and CP, then the effective potential is automatically invariant under Pη. Even
if the composite dynamics is not invariant under O(5) and CP, the lowest order invariants
of the potential accidentally respect Pη, in particular in the (6,6) model this is valid for
all invariants up to quartic order. A proof of these results is given in appendix A.1.
Another special configuration is the one in which αu6,d6 = ±pi/2 and θu6,d6 = pi/4. In
this case under an SO(2)η transformation the Λ
6
uR
and Λ6dR spurions rotate by an overall
phase, which can be compensated by a corresponding phase redefinition of tR and bR.
The whole Lagrangian is thus invariant under SO(2)η and no potential for the η singlet
is generated (this can be easily verified explicitly for the O(2)uR invariant in eq. (21)).
5For simplicity we do not distinguish between the mass scale of the top partners and of the bottom
partners.
13
(6,6) O(2)qL O(2)uR O(4)qL O˜(4)uR O˜(4)qLuR
Nc
16pi2
× λ2qL
m2Ψ
f2
−2λ2uR
m2Ψ
f2
λ4qL 4λ
4
uR
λ2qLλ
2
uR
µ2h/f
2 1 cos2 θu6 0 0 0
µ2η/f
2 0 cos 2θu6 0 0 0
λh −23 −23 cos2 θu6 1 cos4 θu6 −2 cos2 θu6
λη 0 −23 cos 2θu6 0 cos2 2θu6 0
λhη 0 0 0 cos
2 θu6 cos 2θu6 − cos 2θu6
Table 1: Contributions to the coefficients of the effective potential coming from the quadratic
and quartic one-loop invariants from fermions in the fundamental representation of SO(6). The
results correspond to the Pη-symmetric case, αu6 = ±pi/2. We list only the invariants coming
from the λqL and λuR mixings, the ones from the bottom sector are analogous. The second line
reports the estimate of the size of the coefficients multiplying each invariant.
At the quartic level, six additional independent invariants appear at one loop in the
effective potential.6 The ones involving the Λ6qL and Λ
6
uR
spurions are
O(4)qL ≡ (ΣT · Λ6qL · Λ6qL
† · Σ)2 = 1
4
|λqL|4s4h , (23)
O(4)uR = (ΣT · Λ6uR Λ6uR
† ·Σ)2 = |λuR |4 |fu6(h, η)|4 , (24)
O(4)qLuR ≡ (ΣT ·Λ6qL · Λ6qL
† ·Σ)(ΣT ·Λ6uR Λ6uR
† ·Σ) = 1
2
|λqL|2|λuR |2s2h |fu6(h, η)|2 , (25)
and the remaining three are analogously built from Λ6q′L
and Λ6dR . With respect to the
quadratic invariants, the coefficients of the quartic ones are suppressed by a factor of order
f 2/m2Ψ and are thus of order
Nc
16pi2
f 2.
The contributions of the quadratic and quartic invariants to the coefficients of the
effective potential defined in eq. (5) are listed in table 1. Notice that, in order to simplify
the results, we redefined the O(4)uR and O(4)qLuR by a shift, which however does not affect the
power counting estimates:7
O˜(4)uR ≡ O(4)uR − 2 cos2 θu6|λuR |2O(2)uR , (26)
O˜(4)qLuR ≡ O(4)qLuR − cos2 θu6|λqL|2O(2)qL . (27)
In table 1 we only considered the, phenomenologically more appealing, Pη-symmetric
case obtained for αu6 = ±pi/2. The reason for this choice is the following. If Pη is broken
6We neglect invariants that are trivially obtained from the quadratic ones multiplying them by a
constant factor of order λ2.
7This redefinition is fully equivalent to a shift of the coefficients of the quadratic invariants by a
quantity of order λ4.
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a tadpole term for η is generated and the singlet always gets a VEV. On top of that,
by inspection of the interactions with the fermions, the breaking of Pη is accompanied
by an explicit breaking of CP, which can generate dangerously large effects in flavour
observables. For these reasons, we focus on the scenario in which, at zero temperature,
only the Higgs doublet gets a VEV while η does not and we consider the case αu6 = ±pi/2.
The size of the λ parameters can be estimated by connecting them with the mass of
the top and bottom quarks. The operator that describes the mass of the top and its
interactions with the Goldstones is given by
Ot = −ct f
2
mΨ
q¯αL(Λ
6
qL
)α ·Σ ΣT ·Λ6uR
†
tR + h.c.
=
ct√
2
f 2
mΨ
λqLλ
∗
uR
sh f
∗
u6
(h, η) t¯LtR + h.c. , (28)
with ct an order-one coefficient. Expanding in the Higgs and singlet fields we find
Ot =
ctλqLλ
∗
uR
f√
2mΨ
(
cos θu6 h+
e−iαu6
f
sin θu6 s h
)
t¯LtR + h.c. , (29)
so that we find the relation of the λ coefficients with the top Yukawa yt
λqLλ
∗
uR
f
mΨ
cos θu6 ' yt . (30)
Notice that the Ot operator gives also rise to a s h t¯L tR interaction, which, as we will
discuss later on, can be important as a source of CP violation.
With similar steps one finds the following estimate for the bottom Yukawa yb,
λq′Lλ
∗
dR
f
mΨ
cos θd6 ' yb . (31)
Let’s now discuss the features of the effective potential. The leading contributions
are typically the ones coming from the top quark sector, so we start by focusing on their
properties. The structure of the Higgs doublet potential is completely analogous to the
one obtained in minimal SO(5)/SO(4) models [40]. Depending on the mass scale of the
top partners, we can identify two different regimes: a heavy-partner regime in which
mΨ/f & 3 and a light-partner regime in which mΨ/f ∼ 1.
In the heavy-partner case the quadratic invariants dominate the potential and a tun-
ing between O(2)qL and O(2)uR is required to obtain the correct Higgs mass, namely λqL '√
2 cos θu6λuR .
8 The estimate of the top Yukawa in eq. (30) implies that λuR ∼ λqL ' ytgρ,
where gρ ≡ mΨ/f can be identified with the typical coupling of the composite dynamics.
The quartic invariants are thus suppressed with respect to the quadratic ones by a factor
8Notice that even if the overall top-partner scale is heavy, at least one accidentally-light top partner
is still needed to obtain a viable Higgs potential [40–43].
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λ2f 2/m2Ψ ∼ 1/gρ. The two-step transition conditions in eq. (9) are difficult to realise
in this limit. As can be seen from table 1, the portal contribution to the mass λhηv
2 is
suppressed with respect to the µ2η term by a factor λ
2v2/m2Ψ ∼ 1/gρv2/f 2. Therefore, if
µ2η is negative, it is difficult to avoid a VEV for the singlet at zero temperature.
A possibility to circumvent this problem is to advocate a sizeable contribution to the
potential from the bottom sector. This can be obtained if both the top and the bottom
quarks have a large compositeness for their right-handed components, namely λuR ∼ λdR .
The mass of the bottom quark is then reproduced by assuming that λq′L is small. This
scenario, however, could lead to difficulties in realising the CKM hierarchy structure.
In the light-partner case, all the invariants are of the same order, therefore it is much
easier to obtain the correct Higgs mass and satisfy the two-step transition conditions. The
price to pay is the fact that all top partners are now typically light and higher values of
the compositeness scale f are needed to escape LHC direct-search constraints. A larger
amount of tuning, ξ = v2/f 2 . few %, is therefore needed to obtain the correct Higgs
VEV.
Due to the form of the invariants, sharp upper bounds on the portal coupling λhη and
on the singlet mass in the EWSB vacuum can be found, namely
λhη < λh , mη < mh/
√
2 . (32)
To prove the first inequality one needs to use the fact that the coefficients of the O(4)qL
and O˜(4)uR invariants are always positive, while the coefficient of O˜(4)qLuR is negative. This
result can be obtained by studying the explicit form of the effective potential as done in
ref. [28]. The O˜(4)uR invariant thus gives contributions ∆λhη ≤ ∆λh,9 while O˜(4)qLuR gives
∆λhη ≤ 1/2∆λh. The O(4)qL invariant provides only a positive contribution to λh. Finally
the sum of the quadratic invariants give ∆λh = −2/3∆µ2h/f 2 > 0, since the Higgs mass
term must be negative.
The second inequality in eq. (32) can be derived by noticing that in the EWSB vacuum
m2η = µ
2
η + λhηv
2 < λhηv
2 < λhv
2 = m2h/2 . (33)
The bound on the singlet mass is particularly dangerous since it implies that the singlet is
always quite light. In particular in a sizeable part of the parameter space mη < mh/2 and
the Higgs is allowed to decay into a pair of singlets. These configurations are excluded
experimentally since they would give rise to a too large invisible width for the Higgs unless
the portal coupling is negligibly small.
4.1.2 Fermions in the (15) representation
As we saw, in the minimal set-up with partners in the fundamental representation of
SO(6) it is quite hard to obtain a two-step phase transition. Moreover the size of the
9To ensure that λhη is positive one needs sin 2θu6 > 0, which implies cos 2θu6 ≤ cos2 θu6 .
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portal interaction is severely constrained. We consider now a next-to-minimal case in
which some of the partners belong to the 15 representation.
The 15 representation can be obtained as the antisymmetric product of two 6. As
can be seen from eq. (17), the 15 provides two embeddings for both the left-handed and
the right-handed top quark components. The corresponding spurions are
(
Λ15qL
)
α
=
λqL
2
 04×4 eiαq15 sin θq15 ~vα cos θq15 ~vα−eiαq15 sin θq15 ~vTα 0 0
− cos θq15 ~vTα 0 0
 ,
Λ15uR =
λuR√
2
 cos θu15
iσ2√
2
02×2 02×2
02×2 cos θu15
iσ2√
2
02×2
02×2 02×2 eiαu15 sin θu15 iσ2
 , (34)
where α = 1, 2 is an SU(2)L doublet index and
~v1 = (0, 0, i,−1)T , ~v2 = (−i, 1, 0, 0)T . (35)
The easiest possibility to achieve a two-step first order phase transition is to consider
the mixed embedding (qL, uR) ∼ (15,6). Other choices lead to more contrived scenarios.
In fact, the (15,1) embedding does not allow for a mass term for the top quark, the
(6,15) does not generate a potential for the singlet , while in the (15,15) case is difficult
to avoid λη ' 0.
The quadratic invariants in the (15,6) model are given by
O(2)qL ≡ ΣT ·
(
Λ15qL
)†
α
· (Λ15qL)α ·Σ = 12 |λqL|2 (fuq15(h, η) + fdq15(h, η)) , (36)
O(2)uR ≡ ΣT ·Λ6uR Λ6uR
† ·Σ = |λuR |2 |fu6(h, η)|2 , (37)
where
fuq15(h, η) ≡
1
2
(
1− s2h − 2s2η
)
cos 2θq15 + sη
√
1− s2h − s2η cosαq15 sin 2θq15 , (38)
fdq15(h, η) ≡
1
2
s2h + f
u
q15
(h, η) . (39)
The quartic invariants are given by
O(4)qL ≡
(
ΣT · (Λ15qL)†α · (Λ15qL)β ·Σ)(ΣT · (Λ15qL)†β · (Λ15qL)α ·Σ) =
=
1
4
|λqL|4
((
fuq15(h, η)
)2
+
(
fdq15(h, η)
)2)
(40)
O(4)uR = (ΣT · Λ6uR Λ6uR
† ·Σ)2 = |λuR |4 |fu6(h, η)|4 , (41)
O(4)qLuR ≡
(
ΣT · (Λ15qL)†α · Λ6uR) (Λ6uR† ·(Λ15qL)α ·Σ)
=
1
4
|λqL|2|λuR |2
∣∣cos θq15 cos θu6 + ei(αq15−αu6 ) sin θq15 sin θu6∣∣2 s2h . (42)
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(15,6) O(2)qL O(2)uR O˜(4)qL O˜(4)uR O(4)qLuR
Nc
16pi2× −λ2qL m
2
Ψ
f2 −2λ2uR m
2
Ψ
f2
1
2λ
4
qL 4λ
4
uR
1
2λ
2
qLλ
2
uR
µ2h/f
2 1
2 + cos 2θq15 cos
2 θu6 0 0 cos
2(θq15 − θu6)
µ2η/f
2 2 cos 2θq15 cos 2θu6 0 0 0
λh − 13 − 23 cos 2θq15 − 23 cos2 θu6 14
(
1 + (1 + 2 cos 2θq15)
2
)
cos4 θu6 − 23 cos2(θq15 − θu6)
λη − 43 cos 2θq15 − 23 cos 2θu6 4 cos2 2θq15 cos2 2θu6 0
λhη 0 0 cos 2θq15(1 + 2 cos 2θq15) cos
2 θu6 cos 2θu6 0
Table 2: Fermion contributions to the coefficients of the effective potential coming from the
quadratic and quartic one-loop invariants in the (15,6) model. The results correspond to the
Pη-symmetric case αq15 = αu6 = ±pi/2. In the case αq15 = −αu6 = ±pi/2 the results can be
obtained by reversing the sign of θu6 .
Notice that the O(2)uR and O(4)uR invariants obviously coincide with the ones we found in the
(6,6) model.
Similarly to what happens in the (6,6) model, the choice αq15 = ±pi/2 and αu6 = ±pi/2
guarantees that the potential respects the Pη invariance up to quartic order. The coeffi-
cients of the effective potential for the Pη-symmetric case are listed in table 2. Similarly
to what we did in table 1, we shifted the quartic invariants to simplify the results. The
O˜(4)uR invariant is defined in eq. (26), while O˜(4)qL is given by
O˜(4)qL = O(4)qL − cos2 θq15|λqL|2O(2)qL . (43)
The operator that describes the mass of the top and its interactions with the Gold-
stones is given by
Ot = −ct f
2
mΨ
q¯αL Λ
6
uR
† ·(Λ15qL )α ·Σ tR + h.c.
=
ctλqLλ
∗
uR
f 2
2m2Ψ
(
cos θq15 cos θu6 + e
i(αq15−αu6 ) sin θq15 sin θu6
)
sh t¯LtR + h.c. , (44)
with ct an order-one coefficient. The top Yukawa coupling is thus given by
yt =
ctλqLλ
∗
uR
f
√
m
2
Ψ
∣∣cos θq15 cos θu6 + ei(αq15−αu6 ) sin θq15 sin θu6∣∣ . (45)
In the Pη-symmetric case this result simplifies as
yt =
ctλqLλ
∗
uR
f√
2m2Ψ
cos(θq15 − θu6) , (46)
where we chose αq15 = αu6 = ±pi/2 (the case αq15 = −αu6 = ±pi/2 can be obtained by
reversing the sign of θu6 in the formula). It is interesting to notice that the operator in
18
eq. (44) only contains the Higgs field and not the singlet. Therefore, at the leading order
in the λ expansion, no interaction of the form s h t¯L tR is present in the (15,6) model.
Let’s now study the properties of the effective potential and the conditions for a two-
step EWPhT in the (15,6) model. As for the (6,6) set-up, we can distinguish two
regimes, the heavy-partner limit and the light-partner one.
In the heavy-partner case, the quadratic invariants dominate the effective potential.
With respect the (6,6) model, however, there is a substantial difference, namely the fact
that the singlet mass term receives contributions from both leading invariants and not
just one. This means that, at the price of some additional tuning, the Higgs mass and the
η mass term can be simultaneously cancelled. For this to happen we need a correlation
between the left and right mixing parameters λqL ' λuR and between the embedding
angles θq15 and θu6 . Once the Higgs mass is tuned, a cancellation in the µη term can be
obtained if sin θq15 ' 1/3(3/2 + sin2 θu6), which can be realized only if θq15 is the range
0.5 . θq15 . 1. If both cancellations are present, it is then easy to satisfy the two-step
conditions in eq. (9), through a positive λhη term. In this set-up, however, the portal
interaction can not surpass the Higgs quartic coupling, λhη < λh. Indeed, taking into
account the restricted range of θq15 values, one finds that for both the O˜(4)uR and O˜(4)qL
invariants ∆λhη < ∆λh. As a consequence one also gets mη < mh/
√
2.
In the light-partner case, additional contributions to the Higgs mass term can come
from the O(4)qLuR operator, moreover the quartic operators that contribute to the portal
interaction are only mildly suppressed with respect to the quadratic contributions. For
these reasons a viable Higgs mass together with a two-step EWPhT can be obtained
for a larger range of values of the embedding angles θq15 and θu6 . Also in this case a
maximal value for the portal interaction is present, namely λhη < 2λh, which implies
that the singlet is always lighter than the Higgs mη < mh. The maximal value for the
portal interaction is obtained when the dominant contribution to λhη comes from the O˜(4)uR
invariant and θq15 ' pi/2, in which case ∆λhη = 2∆λh.
Summarising, differently from the previous case with fermions in the fundamental of
SO(6), in the (15,6) model viable configurations with a two-step EWPhT can be realised
at the price of some tuning. The leading contribution to the potential coming from the top
sector can be enough to obtain a sufficiently large value for the portal coupling, so that
sizeable contributions from the bottom (or the gauge) sectors are not strictly necessary.
4.1.3 Fermions in the (20′) representation
The last case we consider is the one with top partners in the 20′ representation of SO(6).
This representation can be constructed as the symmetric and traceless component of the
product of two 6. The spurions that correspond to the embedding of the left-handed and
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the right-handed top components are given by
(Λ20qL )α =
1
2
λqL
 04×4 eiαq20 sin θq20 ~vα cos θq20 ~vαeiαq20 sin θq20 ~vTα 0 0
cos θq20 ~v
T
α 0 0
 ,
Λ20uR = λuR
−eiαu20 cos θu20
2
√
3
diag(1, 1, 1, 1,−2,−2)
+ λuR
sin θu20√
2
 04×4 04×1 04×101×4 eiβu20 sinφu20 cosφu20
01×4 cosφu20 −eiβu20 sinφu20
 . (47)
where α = 1, 2 is an SU(2)L doublet index. Notice that there are two different embed-
dings for the qL, parametrised by the angle θq20 and the complex phase αq20 , and three
independent ones for the uR, the latter described by the two angles θu20 , φu20 and the two
phases αu20 , βu20 .
A few viable scenarios can be realised with top partners in the representation 20′.
One of the simplest is obtained by embedding only the right-handed top in the 20′,
while assuming that the left-handed partners transform in the fundamental representation,
namely (qL, uR) ∼ (6,20′). In this case, three independent quadratic invariants can be
built
O(2)qL ≡ ΣT ·Λ6qL · Λ6qL
† ·Σ , (48)
O(2,1)uR ≡ ΣT ·Λ20uR
† · Λ20uR ·Σ , (49)
O(2,2)uR ≡
∣∣ΣT · Λ20uR ·Σ∣∣2 . (50)
Moreover 8 invariants at the quartic level are also present, namely one built from the
left-handed spurion, three from the right-handed spurion and four for the mixed left-right
combination. The explicit form of the invariants is reported in appendix A.2.
The top mass and the interactions with the Goldstones come from two independent
operators,
O(1)t = c(1)t
f 2
m2Ψ
qαLΣ
† ·Λ20uR
† ·(Λ6qL)α tR + h.c.
= c
(1)
t
f
m2Ψ
λqLλ
∗
uR
2
√
6
cos θu20h t¯LtR + h.c.+ · · · , (51)
and
O(2)t = −c(2)t
f 2
m2Ψ
qαL(Λ
6
qL
)α ·Σ ΣT ·Λ20uR
† ·Σ tR + h.c.
= c
(2)
t
fλqLλ
∗
uR
m2Ψ
[(
eiαu20√
6
cos θu20−eiβu20 sin θu20 sinφu20
)
h t¯LtR
+
1
f
sin θu20 cosφu20 s h t¯LtR
]
+ h.c.+ · · · , (52)
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Figure 2: Comparison of the parameter space covered by the different composite Higgs models
discussed in the text.
where c
(1)
t and c
(2)
t are order-one coefficients. As in the other models, the top Yukawa can
be estimated as
yt ∼
λqLλ
∗
uR
f
mΨ
. (53)
Notice that the O(2)t operator gives also rise to an interaction of the form s h t¯LtR.
We can now discuss the properties of the effective potential, whose explicit form is
reported in appendix A.2 (table 3). With respect to the models we considered in the
previous subsections, a larger set of invariants is present in the (6,20′) set-up. The
three invariants available at quadratic order are already enough to allow for a realistic
Higgs mass and a two-step EWPhT. The quartic terms, moreover, can provide additional
freedom to enlarge the viable region of the parameter space. Since the portal coupling can
be fully disentangled from the other terms in the effective potential, its size is basically
unconstrained. This also implies that the singlet can easily be heavier than the Higgs.
5 Parameter space for EWPhT
We now focus our attention on the properties of the EWPhT. The parameter space in
the (mη, λhη) plane covered by the different models discussed above is shown in fig. 2.
The region on the right of the black solid line corresponds to configurations for which
µ2η > 0 and is not interesting from the perspective of the EWPhT. In those points the
singlet does not get a VEV at finite temperatures and has a very limited impact on the
vacuum structure, so that no barrier is generated between the symmetric and the EW
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vacua. In this region a first order phase transition can be achieved only for very large
values of the portal coupling λhη via one-loop induced effects along the Higgs direction.
Since for models of composite Higgses it is very unlikely that such large quartic couplings
can be generated by the underlying strong dynamics, we will focus our discussion only on
the µ2η < 0 region in which a two-step phase transition can be realised with a tree-level
barrier.
For small singlet masses, namely mη < mh/2 (the dashed region in fig. 2), the Higgs
decay channel h→ ηη is kinematically open and strongly affects the total decay width of
the SM-like Higgs. The invisible partial decay width of the Higgs for mh > 2mη is given
by [28]
Γh→ηη =
v2
8pimh
√
1− 4m
2
η
m2h
(
λhη
√
1− ξ − m
2
h
2v2
ξ√
1− ξ
)2
(54)
where ξ = v2/f 2 and the second term in the expression above arises from the non-
linearities of the NGB kinetic Lagrangian. Even though a cancellation between the two
terms can be advocated in order to tame the phenomenologically unacceptable contribu-
tions to the Higgs width, for ξ . 0.1 this can be achieved only for very small values of
the portal interaction, λhη . 0.01. Therefore these configurations do not lead to inter-
esting phase transition physics. As such we will focus only on the parameter space with
mη > mh/2.
The horizontal dashed lines in fig. 2 summarise some of the main results obtained in
the previous sections. In particular, the maximal values allowed for the quartic coupling
λhη in the (6,6) and (15,6) models are, respectively, λh/2 and 2λh, which correspond to
mη ≤ mh/
√
2 and mη ≤ mh, under the hypothesis µ2η < 0. On the other hand, no strong
bound on the size of the portal coupling and of the singlet mass is present in the (6,20′)
model.
Having defined the available parameter space for each of the three scenarios considered
here, we can construct the corresponding phase transition diagrams. In particular, one can
identify the regions in which the EWPhT is a first order one and the related strength. For
this purpose, a crucial quantity is the critical temperature Tc introduced in sec. 3, namely
the temperature at which the two minima of the potential are degenerate. Actually, the
phase transition effectively starts at the so-called nucleation temperature Tn which is lower
than Tc and is determined by requiring that the nucleation probability of bubbles of true
vacuum per Hubble volume is of order one. This roughly corresponds to the condition
S3/Tn ' 140 with S3 being the Euclidean action of the critical bubble. While Tc can be
directly calculated from the effective potential, the computation of Tn requires to solve
the two-field bounce equation.
The bounce configuration at finite-temperature is obtained from the minimisation
of the O(3)-symmetric three-dimensional action. It corresponds to the solution of the
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equation
d2φ
dr2
+
2
r
dφ
dr
= ∇V (φ, T ) (55)
where φ = (h, η), with the boundary conditions that φ goes asymptotically to the false
vacuum φF at infinity and is “close” to the true vacuum at the origin. To ensure the
regularity of the solution, the additional condition dφ/dr = 0 at the origin is also needed,
where r is the Euclidean distance.
Solving the previous equation requires non-trivial numerical algorithms. The problem
can be addressed analytically in the thin-wall limit, which corresponds to a first-order
phase transition with weak supercooling. In this case the height of the barrier between
the two minima, the true φT and the false φF ones, is much larger than their relative
depth  = V (φT , T ) − V (φF , T ). The thin-wall approximation, however, is not always
justified in our parameter space. For this reason the analytic approach can only be used
to derive approximate results that capture the overall dependence of the properties of the
phase transition on the parameters of the model. We report in appendix B the results
obtained through this approach.
In this section, instead, we present the exact results obtained through a numerical
integration of the bounce equations. We performed the computation with the dedicated
package CosmoTransitions [44]. We also checked independently through our own code
that the numerical results we found are stable and reliable.10
The first issue we need to address is to check in which regions of the parameter
space the EWSB transition actually takes place. After the appearance of two degenerate
minima at T = Tc, as the Universe cools down the ratio of bubble formation, Γ ∼ e−S3/T ,
increases. Successful nucleation starts when this rate eventually balances the Hubble
expansion. However, if the bounce action is too large, it can happen that the balancing
condition is never reached and the system remains trapped in the metastable vacuum.
This can be the case if the portal coupling λhη is too large, producing a high barrier
between the two minima.
We show in fig. 3 the phase transition diagram for two choices of the mass of the
singlet scalar, namely 150 GeV and 250 GeV. The results are shown as a function of the
two free parameters, λη and λhη. For a given value of the quartic λη, the portal coupling
λhη determines the thermal history of the model. A few different scenarios can happen:
(i) For small values of λhη, in the grey region in the upper left corner, the EWSB
minimum is always the global minimum of the potential. This can happen either
when no additional minimum is present (towards the upper left part of the diagram),
or when a local minimum (0, w) is present but does not become deeper than the
EWSB one at T 6= 0. In this region a second-order transition from the symmetric
phase to the EWSB one takes place.
10Our code has been implemented in Mathematica [45] and is based on a variation of the algorithm
described in ref. [46], which relies on the linearisation of the bounce equations.
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Figure 3: Phase transition diagram, for fixed singlet scalar mass mη = 150 GeV (left panel)
and mη = 250 GeV (right panel). The thermal history of the models in the various regions is
explained in the text.
(ii) For larger values of λhη, the additional vacuum (0, w) is a local minimum at T = 0,
but becomes degenerate with the EWSB one at a critical temperature Tc. If the
bounce action is small enough, as it happens in the orange region, nucleation can
occur, and a first-order phase transition connects the (0, w) vacuum to the EWSB
one. This region gives rise to the two-step phase transition we are interested in.
(iii) If the bounce action is too large, as it happens in the dark orange striped region,
although the two minima become degenerate, nucleation is never efficient. In this
case the system remains trapped in the metastable vacuum (0, w) and no EWSB
occurs.
(iv) Finally for large values of λhη, in the grey region in the lower right corner, the global
minimum at T = 0 is the (0, w) point and not the EW vacuum. These configurations
never give rise to EWSB and are clearly not viable.
From fig. 3, one can see that the region of parameter space with a viable two-step transition
tends to become wider for larger singlet masses. Although configurations with two vacua
are easy to realise in these models (full orange regions (ii) and (iii) in the plots), the
condition of successful bubble nucleation becomes harder to satisfy for smaller mη. For
instance, we found that for mη = 100 GeV only a very narrow strip of parameter space
allows for nucleation. In general, for mη < mh, a first order phase transition can be
realised only for suitably chosen values of λη. We also checked the results presented
in ref. [9] and found quantitative agreement with the mη = 300 GeV benchmark point
considered in that paper.
We can now study the properties of the first-order phase transition. For definiteness
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Figure 4: Left panel: Critical temperature Tc and nucleation temperature Tn. Right panel:
amount of supercooling.
we focus on the benchmark with mη = 250 GeV. In fig. 4 (left) we show the two temper-
atures that characterise the phase transition, namely the critical temperature Tc and the
nucleation temperature Tn. One can see that both Tc and Tn decrease for larger values
of λhη. The critical temperature varies in the range 115 GeV . Tc . 130 GeV, while the
nucleation temperature is in the range 80 GeV . Tc . 125 GeV. In the right panel of
the figure we show the amount of supercooling, namely (Tc − Tn)/Tc. One can see that
for small values of λhη there is almost no supercooling, whereas for a larger values it is
possible to achieve an amount of supercooling of order 30%. As we will see in the follow-
ing section, the region of the parameter space with smaller Tn and higher supercooling
can be more easily probed by future gravitational wave experiments, since the peak of
the corresponding wave spectrum moves, as Tn decreases, towards frequencies where they
have the maximum sensitivity.
In fig. 5 (left) we show the strength vn/Tn of the phase transition, a crucial parameter
for the EWBG, which increases, as expected, with the portal coupling. For vn/Tn & 1,
the EWPhT is strongly first order and prevents the EW sphaleron processes inside the
broken phase to washout the baryon asymmetry generated in front of the bubble wall.
Another important parameter is the ratio α = ρvac/ρrad of the vacuum energy density
ρvac, released to the primordial plasma during the transition, and the critical energy ρrad at
the transition temperature. This parameter controls the size of the signal of gravitational
waves from EWPhT and represents a measure of the strength of the phase transition. In
fig. 5 (right) we show a scatter plot of the values of α (red dots) as a function of the phase
transition strength. One can see that a strong correlation between the two quantities is
present. For small vn/Tn one can show that α ∝ (vn/Tn)2 (see eq. (98) in appendix B),
however this relation receives order-one corrections for vn/Tn & 2.5. On the same figure
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Figure 5: Left panel: Strength of the phase transition vn/Tn. Right panel: Scatter plot of the
vacuum energy density parameter α (red dots) and of the bubble width LwTn for the Higgs (blue
dots) and the η (green dots) components as a function of the phase transition strength vn/Tn.
we also show the scatter plot for the width of the bubble wall Lw, which is reported in
the combination LwTn both for the Higgs (blue dots) and the η (green dots) components.
Also in this case a strong correlation with the strength of the phase transition is present.
The last parameter we consider is the inverse time duration of the phase transition,
normalised to the Hubble rate This quantity controls the amplitude of the gravitational
wave spectrum and can be computed from the variation of the bounce action with respect
to the temperature
β
Hn
= T
d
dT
(
S3
T
) ∣∣∣∣
Tn
. (56)
The numerical results for β/Hn are shown in the left panel of fig. 6. Larger values
for β/Hn (β/Hn ∼ 3000) are obtained for small λhη, i.e. for larger phase transition
temperatures. On the other hand, for larger λhη, the values of β/Hn are significantly
smaller (β/Hn ∼ 100). It must be noticed that the value of β/Hn strongly depends on
the transition temperature. As can be seen in the right panel of fig. 6 for a benchmark
point, even a few GeV difference in the phase transition temperature can modify β/Hn
by almost one order of magnitude.
6 Gravitational waves
The transition between two minima separated by a potential barrier is described by the
nucleation of bubbles of true vacuum in the background of metastable vacuum. The
bubbles expand, collide and eventually coalesce filling the whole space. This phenomenon
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Figure 6: Left panel: Inverse time duration β/Hn of the phase transition. Right panel: Depen-
dence of β/Hn on the transition temperature.
is characterised by a huge release of energy which propagates, in part, through GWs.
Since bubbles collide incoherently in different regions of space, the corresponding signal is
a stochastic background of GWs. The peak of the frequency spectrum for phase transitions
at the electroweak scale typically lies in the sensitivity range of future experiments, such
as the European space-based interferometer LISA [47–49], BBO [50–52] and the proposed
Japanese detector DECIGO [53].
Three different mechanisms of GW production are at work during bubble nucleation:
bubble collision [54–59], sound waves in the plasma after the collision [60–63] and mag-
netohydrodynamic turbulence effects in the plasma [64–68]. The three contributions can
be approximately combined linearly
h2ΩGW ' h2Ωφ + h2ΩSW + h2ΩMHD. (57)
The amplitude of the spectrum and the position of the frequency peak are mainly charac-
terised by the nucleation temperature (Tn), the vacuum energy, normalised to the critical
energy, released to the primordial plasma during the transition (α), and the duration of
the transition itself (β). These parameters are supplemented by the efficiency coefficients
(κ) and the bubble velocity (vw). The analytic formulas for the different contributions to
the GW spectrum are given in ref. [69].
The bubble velocity is the result of the balance between the force driving the expansion
of the bubble and its friction with the plasma. In particular, three different regimes can
be identified depending on vw compared to the sound velocity in the plasma vs (hybrid
possibilities can also be present): deflagration (vw < vs < 1), detonation (vs < vw < 1)
and runaway regime (vw = 1). In the first two cases, the bubble velocity reaches a
constant value because the interactions of the bubble surface with the particles in the
plasma can balance the expansion. On the contrary, in the runaway case the pressure
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Figure 7: Left panel: Leading contributions to the GW spectrum in the non-runaway regime
for the benchmark point mη = 250 GeV, λhη = 1.63 and λη = 6. Red, green and dashed
lines correspond, respectively, to GWs from sound waves in the plasma, magnetohydrodynamic
turbulences and the linear combinations of the two. Right panel: GW spectra as a function of
the frequency for three benchmark points with mη = 250 GeV, λη = 2 and λhη = 1.27 (dotted),
λhη = 1.33 (dot-dashed), λhη = 1.34 (dashed). Sensitivity curves of some future space-base
interferometers are also shown.
driving the bubble expansion overcomes the friction and leads to an indefinite velocity
growth. The bubble velocity represents a crucial parameter since an efficient production
of baryon asymmetry prefers the deflagration regime while the observability of GWs is
more favourable in the detonation and runaway scenarios. It has been shown recently
[13], in the context of a two step phase transition driven by the extra scalar state of a
second Higgs doublet, that in the region of parameter space where the EW baryogenesis
is achievable, the GW spectrum of the EWPhT is within the sensitivity reach of future
interferometers. Indeed, even for very strong phase transitions, vn/Tn ' 4, the bubble wall
velocity remains subsonic. The determination of vw is very challenging and requires the
microscopic calculation of the friction term and the solution of the Boltzmann equations
modelling the interaction of the scalar fields with the thermal plasma, see for instance
refs. [70–75]. The exact computation of the velocity is beyond the scope of this work, here
we use for the sake of simplicity the prediction of vw, as a function of α, that has been
estimated in ref. [13].
The three sources of GW are characterised by different peak frequencies that, if suf-
ficiently separated, can lead to a non-trivial structure for the spectrum, helping in the
extraction of the signal from the instrumental background noise. As an example, we show
in fig. 7 (left) the contribution of the different components to h2ΩGW for a selected point
with mη = 250 GeV, λhη = 1.63 and λη = 6. Notice that in the non-runaway regime the
contributions from bubble collisions can be neglected. Numerical simulations show that
the relative distance between the peaks of the two spectra is fixed, fpeakSW /f
peak
MHD ' 0.7,
and that the signal from sound waves decays faster for larger GW frequency fGW, namely
h2ΩSW ∼ f−4GW and h2ΩMHD ∼ f−5/3GW . This explains the typical shoulder of the GW
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Figure 8: Observational reach of the gravitational signal from the first order EWPhT at
Ultimate-DECIGO for a benchmark scenario with mη = 250 GeV. The solid grey contours
show the values of b/f needed to guarantee a sufficient amount of CP violation to achieve EW
baryogenesis.
spectrum at high frequencies.
In fig. 7 (right) we show the sensitivity reach of the three future GW experiments
LISA, BBO and DECIGO, as well as the prediction of the GW spectra for three bench-
mark points. The benchmarks have fixed mη = 250 GeV and λη = 2 and are defined,
respectively, by λhη = 1.27 (dotted line), λhη = 1.33 (dot-dashed line) and λhη = 1.34
(dashed line). As λhη increases, the GW signal strengthens and the peak of the spectrum
shifts towards smaller frequencies, which are preferred by space-based interferometers.
Indeed, the frequency peak
fpeakSW (MHD) = 1.9 (2.7)× 10−5 Hz
1
vw
(
β
Hn
)(
Tn
100 GeV
)( g∗
100
) 1
6
, (58)
where g∗ is the number of relativistic degrees of freedom in the plasma at the time of the
phase transition, scales linearly with β/Hn and Tn, which both decrease when the portal
coupling increases.
The prospect of observations of GWs at Ultimate-DECIGO in the two dimensional
parameter space of λhη and λη for singlet mass mη = 250 GeV is depicted in fig. 8. We
decided not to show the region accessible at LISA, since it can only test a narrow strip at
the right edge of the two-step transition region.
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7 Electroweak baryogenesis
The out-of-equilibrium dynamics provided by the first order EWPhT fulfils only one of
the three Sakharov’s conditions required to realise baryogenesis. A sufficiently strong
source of CP violation is also needed in order to trigger an asymmetry between matter
and antimatter.
In principle, additional sources of CP violation have to be expected in CHMs due
to the presence of additional complex phases (for instance in the elementary–composite
mixing parameters). Some restrictions on the amount of CP violation might be present if
we want to ensure the Pη invariance of the scalar potential. In fact, as we discussed, this
requirement typically obliges the composite sector to be invariant under CP.
However, an additional source of CP violation is typically present as a consequence of
the non-linear dynamics of the Goldstones. This relies on the presence of the dimension-5
operator s h t¯LtR, which can have a complex coefficient and is naturally present in most of
the models based on the SO(6)/SO(5) coset. Indeed we saw that such operator is present
in the (6,6) and (6,20′) scenarios.
At T = 0, in the EWSB vacuum, the s h t¯LtR operator gives rise to small CP violating
effects, which can be compatible with the present constraints (we will discuss this aspect
at the end of this section). Moreover a possible complex phase in the top mass can always
be rotated away through a redefinition of the top field and is thus unphysical. On the
contrary, when the both the Higgs and the singlet get a VEV, a new complex phase is
induced in the top mass. This obviously happens in the bubble walls during the EWSB
phase transition. Since the Higgs and the singlet VEVs are space dependent, the new
phase in the top mass cannot be reabsorbed by a redefinition of the fermionic fields and
provides a new source of CP violation that can trigger EWBG.
The phase in the top mass Θt can be defined as
mt(r) = |mt(r)|eiΘt(r) (59)
with r denoting the direction perpendicular to the bubble wall. For each of the scenarios
discussed previously, the complex phase can be extracted from the Ot operators that give
rise to the top Yukawa. To be as general as possible, we rewrite them here as
Ot = yt
(
1 + i
b
f
η
)
h√
2
t¯LtR + h.c. . (60)
The phase of top quark mass is then given by
Θt(r) = arctan
(
b
w(r)
f
)
(61)
with w(r) exhibiting the usual kink profile along the r direction. The coefficient b is de-
termined by the particular fermion embedding. For instance, in the (6,6) case b = tan θu6
is completely fixed by the admixture of tR embedding in the 5-th and 6-th components of
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the fundamental of SO(6). In the (15,6) case, instead, b vanishes identically. Therefore,
while this model can provide a first order EWPhT, it is not suitable for the EWBG unless
one allows for explicit CP-violating interactions. Finally, in the (6,20′) scenario, two
independent operators contribute to the top mass, and b is determined by the ratio of
their coefficients as well as by the two angles parametrising the tR embedding in the 20
′
multiplet.
In the semi-classical approximation, the complex phase in the top quark mass in-
duces different dispersion relations for particles and antiparticles, which, through the
electroweak sphaleron processes in the symmetric phase, can trigger a net baryon asym-
metry [76]. The latter is preserved only if the same sphaleron processes are quickly
dumped in the broken domain, namely if the phase transition is sufficiently strong.
The baryon asymmetry depends linearly on the variation of the phase of the top mass
and non-trivially on the dimensionless combinations vn/Tn and LwTn. In particular, it
increases with increasing strength and decreasing Lw. On the other hand, the dependence
on the bubble wall velocity vw is expected to be mild as long as the deflagration regime
is concerned [10]. Rather than numerically solving the system of transport equations
[17], we use the results obtained in ref. [77] which we recast in fig. 8 in the plane of
the two quartic couplings for our benchmark singlet mass mη = 250 GeV. In fig. 8 we
show the size of b/f required to successfully reproduce the observed baryon asymmetry,
(nB − nB¯)/nγ ' 6 × 10−10. One can see that values of b/f of O(1/TeV) are sufficient
to generate a realistic asymmetry. In some regions of the parameter space we even need
significantly smaller values, b/f ∼ 0.1 TeV, which can be easily realised in the models we
considered.
As well known, EWBG is more efficient for subsonic bubble walls, since the CP violat-
ing interactions have more time to generate a particle/antiparticle asymmetry in front of
the wall which is then converted into baryon asymmetry by the electroweak sphalerons.
In this regime, the scalar field component of the GW spectrum from bubble collision
is strongly suppressed. Nevertheless, as shown in the previous section, the contributions
from sound waves and turbulence effects in the plasma leave open the intriguing possibility
to detect GW signals in the same region of parameter space in which EWBG is possible.
Indeed, as confirmed in ref. [13], subsonic wall velocity can be compatible with sufficiently
strong phase transitions. For b/f . TeV−1, the CHM can explain the observed matter-
antimatter asymmetry and provides, at the same time, GW signals potentially detectable
with the future generations of interferometers.
To conclude we consider the constraints on the amount of CP violation coming from
the experimental data. The scenarios we considered are characterised by spontaneous CP-
violation driven by the breaking of the Pη parity through thermal effects. However, as
shown in refs. [78,77], a small explicit breaking of Pη is also needed to bias the population
of one of the two (0,±wc) configurations which arise in the two-step process after the
first second-order phase transition. If this were not case, a net baryon asymmetry would
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be evened out by a net antibaryon asymmetry in different patches of the Universe. By
parametrising the explicit Pη breaking with ∆V = V (wc) − V (−wc), one can find that
its lower bound is very weak ∆V/T 4  H/T ∼ 10−16 [78, 77] and that ∆V can be taken
small enough not to affect the previous analysis.
On the other hand, an explicit Pη breaking term would also induce a mixing between
the Higgs and the CP-odd singlet η. This mixing, together with the CP-violating s h t¯LtR
operator, can give rise to contributions to the electron and light quark electric dipole
moment (EDM). These effects originate at the two-loop level through Barr–Zee-type di-
agrams [79] involving a top loop. Their size is given by
de
e
' sin 2φ
2
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b
f
[
g
(
m2t
m2h
)
− g
(
m2t
m2η
)]
, (62)
where φ is the mixing angle between the Higgs and the singlet and the function g(x)
can be found in ref. [79]. The strongest constraint arises from the bound on the electron
EDM [80]. Assuming a small mixing angle and mη = 250 GeV, this translates into∣∣∣∣φ bf
∣∣∣∣ . 1.3× 10−2 TeV−1 , (63)
which can be easily satisfied by a sufficiently small Pη breaking.
11
If the singlet η is also coupled to the electron or to the light quarks through operators of
the form s h ψ¯LψR, additional contributions to the EDMs arise through Barr–Zee diagrams
involving a top loop and a virtual singlet. By parametrising the coupling of the singlet
to the electron with the be parameter in analogy to eq. (60), we find
de
e
' 16
3
αem
(4pi)3
me
f 2
Im[bb∗e]
(
log
m2t
m2η
+ 2
)
. (64)
This leads to the bound
Im[bb∗e]
f 2
. 4.5× 10−2 TeV−2 . (65)
This bound can obviously be evaded if the coupling of the singlet to the electron is small,
or if the phases of the embedding of the various elementary fermions are the same, so that
b and be have the same complex phase. Analogous, although slightly weaker, bounds can
be found on the couplings of the singlet with the light quarks, which induce a contribution
to the neutron EDM.
11Notice that in CHMs additional CP-violating interactions of the Higgs with the top and the top
partners are typically present, which translate into strong bounds on the mass of the top partners and
on their couplings [81, 82]. These effects, however are independent with respect to the dynamics we are
interested in for EWBG, so we can neglect them in our analysis.
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8 Conclusions
The dynamics of a strongly first-order EW phase transition, the structure of the gravita-
tional wave spectrum and the possibility to realise EW baryogenesis can be successfully
linked within the framework of non-minimal composite Higgs models. We illustrated
this result by considering a scenario in which a Higgs sector extended with an extra sin-
glet η is described by NGBs associated to the strong-sector symmetry breaking pattern
SO(6)→ SO(5). Within this scheme, a (possibly approximate) discrete Z2 symmetry can
be realised, which forbids a doublet-singlet mixing, obtaining a viable form for the scalar
potential and minimising the bounds from experimental constraints.
The scalar sector of this model is notoriously difficult to be tested directly at the
LHC [83–85]. More accessible signatures could be provided by the interplay of the top
partner dynamics with the additional singlet, which clearly deserves further investigation
(see ref. [86] for a model-independent analysis focused on top partner searches).
Interestingly, future space-based gravitational interferometry experiments could pro-
vide an alternative way to test the dynamics of the EW phase transition in this class of
models. Even though it could be too ambitious to think that in the near future gravita-
tional wave experiments will be competitive to collider searches in the study of the Higgs
sector, it is more than plausible that the Higgs phenomenology will take advantage of new
and complementary observational data.
Non-minimal composite Higgs scenarios with an extended Higgs sector have been
already studied in the past, also in connection to the EW phase transition, but only
with a very narrow choice of the top partner representations. In the present work, for
the first time, we consider a larger set of representations, which are representative of
a much wider spectrum of phenomenological signatures. This variety opens up more
interesting configurations for realising a strong first-order EW transition, which can be
obtained through a two-step process in which the singlet acquires a VEV at intermediate
temperatures. These set-ups can also open up the intriguing possibility of connecting EW
symmetry breaking with baryogenesis.
We identified three main benchmark scenarios, depending on the embedding of the
left-handed and right-handed top components into SO(6) multiplets. The minimal set-
up with the embedding (qL, tR) ∼ (6,6) is the most constrained scenario. In this case
stringent upper bounds on the singlet mass (mη < mh/
√
2), and on the coupling of the
portal interaction h2 η2 (λhη < λh) are found. A second scenario, the (15,6) model,
partially relaxes these bounds to mη < mh and λhη < 2λh. Finally, the third benchmark,
the (6,20′) model, provides enough freedom in the structure of the scalar potential to
allow for (almost) arbitrary values of all the parameters.
Although a successful two-step phase transition with a strong EW symmetry breaking
can be realised in all the benchmark scenarios, a significant amount of correlation among
the parameters of the models is needed in the (6,6) and (15,6) set-ups. A much larger
viable region in the parameter space (and thus a smaller amount of tuning) is instead
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available in the (6,20′) model. One of the crucial limitations in obtaining a strong first-
order transition, although a two-minima structure of the potential is quite common in
these models, is the fact that a successful bubble nucleation is hard to satisfy. This
constraint is particularly severe for mη . 100 GeV, which explains why the simpler
benchmarks offer a very narrow viable parameter space region.
We studied several important properties of the first-order phase transition, including
the amount of supercooling, the vacuum energy density, its time duration (important for
the GW signals) and the strength of the phase transition (crucial for the EW baryoge-
nesis). Interestingly, our estimates show that, in a significant fraction of the parameter
space, the stochastic GW background generated by the EW phase transition has peak fre-
quencies within the sensitivity range of future space-based experiments like LISA, BBO
and DECIGO. This result is very interesting because in the same region of the parameter
space EW baryogenesis could also be achievable.
As well known, EW baryogenesis requires additional sources of CP violation. In
composite Higgs scenarios the NGB nature of the Higgs naturally provides such ingredient.
In particular, the presence of the non-renormalisable operator η h t¯LtR, which can have a
complex coefficient and is naturally present in the (6,6) and (6,20′) scenarios, can trigger
additional CP-violating effects. At T = 0, in the EWSB vacuum, this operator gives rise
to small CP violating effects which can be compatible with the present constraints. On
the other hand, when both the Higgs and the singlet η get a VEV, a new complex phase
is induced in the top mass. This happens in the bubble walls during the EW phase
transition. For the (6,6) and (6,20′) models we found that a realistic baryon asymmetry
can be generated for natural values of the parameters.
The results we obtained clearly show that non-minimal composite Higgs models offer
a reach phenomenology and deserve a careful investigation both at the theoretical and at
the experimental level. There are a few aspects that would be interesting to reconsider
with a more detailed study. One of these is the GW signal, which we estimated by using
previous results derived within a 2-Higgs doublet model set-up. Although we believe that
our analysis correctly captures the qualitative (and semi-quantitative) features of the GW
spectrum, non-negligible corrections could be present, which can be important to fully
assess the detectability of the signal. Another aspect that deserves a detailed study is
EW baryogenesis. In sec. 7 we used some estimates of the amount of baryon asymmetry
generated during the EW phase transition. A full analysis taking into account the non-
equilibrium dynamics by solving the Boltzmann equations is left for future work.
Note added
During the completion of the manuscript, ref. [87] appeared, which presented a study of
the EW phase transition in SO(6)/SO(5) CHMs. Ref. [87] focuses on the structure of
the effective potential in models with fermions in the 6 and 15 representations, reaching
conclusions similar to the ones we discussed in secs. 4.1.1 and 4.1.2.
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A Structure of the effective potential
We collect here a few results regarding the structure of the effective potential. In the
first subsection we focus on the Pη symmetry, discussing the conditions that ensure it
to be preserved. In the other subsections we report the explicit form of the fermion
contributions to the effective potential in the (6,20) model and we discuss the gauge
contributions to the Higgs potential.
A.1 The Pη invariance
As we discussed in the main text, an important ingredient needed to obtain a viable
structure for the effective potential is the discrete Pη invariance, which acts as η → −η.
This symmetry guarantees that no tadpole term for the singlet is present in the potential,
allowing the standard EWSB point (v, 0) to be a minimum.
As we anticipated in sec. 4.1.1, the Pη invariance of the potential can be ensured
by a particular choice of the embedding phases, namely by fixing them to be ±pi/2,
provided that the composite dynamics is invariant under Pη and CP. We will now prove
this statement.
For definiteness we focus on the (6,6) model, but similar considerations can be applied
to the other set-ups. In this model the Pη invariance is obtained for αu6 = ±pi/2 for
arbitrary values of the θu6 parameter. The mixing of the left-handed quark doublet with
the composite dynamics (parametrised by the Λ6qL spurion) is trivially invariant under Pη,
so we only need to consider the right-handed spurion Λ6uR . When αu6 = ±pi/2, the Pη
symmetry acts on Λ6uR as a kind of complex conjugation operation, namely it is equivalent
to take the complex conjugate of the vector components in eq. (19) while keeping invariant
the λuR prefactor. We can extend this transformation to a more useful form by joining
it with a CP transformation acting on the fermions as ψ → ψ¯. The new transformation,
which we denote by P˜η, corresponds to the combination of O(5) and CP. Under P˜η,
the elementary–composite mixing terms are invariant up to the exchange λψ → λ∗ψ. If
the composite sector is symmetric under P˜η, then the terms that appear in the effective
potential are invariant as well, apart from the replacement λψ → λ∗ψ. Due to the U(1)X
and SU(2)L symmetries, however, in all the terms of the effective potential the λ’s must
always appear in the combination λψλ
∗
ψ, which is invariant under λψ → λ∗ψ. For this
reason the whole effective potential is also invariant under Pη.
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It is easy to check that, even if the composite sector is not invariant under P˜η, the lowest
order terms in the effective potential for embedding phases equal to ±pi/2 accidentally
respect Pη. In particular this is true for all invariants up to quartic order in the spurions
that can arise at one-loop level in the (6,6) and (15,6) models (for αu6 = ±pi/2 and
αq15 = ±pi/2, respectively). In the (6,20′) model, instead, only the quadratic invariants
accidentally respect Pη for αu20 = ±pi/2 and βu20 = ±pi/2. The quartic terms, instead,
can give rise to a breaking of Pη.
A.2 Fermions in the (20′) representation
In this appendix we collect the explicit form of the fermion contributions to the effective
potential in the (6,20′) model discussed in sec. 4.1.3. In this set-up three independent
invariants can be built at the quadratic order in the spurions, namely
O(2)qL ≡ ΣT ·Λ6qL · Λ6qL
† ·Σ = 1
2
|λqL|2s2h , (66)
O(2,1)uR ≡ ΣT ·Λ20uR
† · Λ20uR ·Σ =
1
4
|λuR |2f (1)u20(h, η) , (67)
O(2,2)uR ≡
∣∣ΣT · Λ20uR ·Σ∣∣2 = |λuR |2 ∣∣f (2)u20(h, η)∣∣2 , (68)
where
f (1)u20(h, η) =
1
3
cos2 θu20 + (1 + sin
2 θu20)c
2
h +
8√
6
sη
√
1− s2h − s2η cosαu20 sin 2θu20 cosφu20
− 4√
6
(
1− s2h − 2s2η
)
cos(αu20 − βu20) sin 2θu20 sinφu20 ,
f (2)u20(h, η) =
1
4
√
3
eiαu20 cos θu20(1 + 3c2h) (69)
+ sin θu20
(√
2sη
√
1− s2h − s2η cosφu20 +
1√
2
eiβu20(s2h + 2s
2
η − 1) sinφu20
)
.
Several invariants can be built at the quartic level. There is only one involving the
left-handed spurion, which obviously coincides with the one we found in the (6,6) model:
O(4)qL ≡ (ΣT · Λ6qL · Λ6qL
† · Σ)2 = 1
4
|λqL|4s4h . (70)
Three independent invariants can be constructed with Λ20uR :
O(4,1)uR ≡
(
ΣT ·Λ20uR
† · Λ20uR ·Σ
)2
=
1
16
|λuR |4
(
f (1)u20(h, η)
)2
, (71)
O(4,2)uR ≡
∣∣ΣT · Λ20uR ·Σ∣∣4 = |λuR |4 ∣∣f (2)u20(h, η)∣∣4 , (72)
O(4,3)uR ≡
(
ΣT ·Λ20uR
† · Λ20uR ·Σ
) ∣∣ΣT · Λ20uR ·Σ∣∣2 = 14 |λuR |4f (1)u20(h, η) ∣∣f (2)u20(h, η)∣∣2 . (73)
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Finally, four left-right invariants are present:
O(4,1)qLuR ≡ ΣT ·Λ20uR
† ·Λ6qL ·Λ6qL
† ·Λ20uR ·Σ =
1
24
|λqLλuR |2 cos2 θu20 s2h , (74)
O(4,2)qLuR ≡
∣∣ΣT ·Λ20uR ·Σ∣∣2 (ΣT ·Λ6qL ·Λ6qL† ·Σ) = 12 |λqLλuR |2s2h ∣∣f (2)u20(h, η)∣∣2 , (75)
O(4,3)qLuR ≡ Re
[
ΣT ·Λ20uR
† ·Λ6qL ·Λ6qL
† ·Σ ΣT ·Λ20uR ·Σ
]
= − 1
4
√
3
|λqLλuR |2 cos θu20s2h Re
[
e−iαu20f (2)u20(h, η)
]
, (76)
O(4,4)qLuR ≡ Im
[
ΣT ·Λ20uR
† ·Λ6qL ·Λ6qL
† ·Σ ΣT ·Λ20uR ·Σ
]
= − 1
4
√
3
|λqLλuR |2 cos θu20s2h Im
[
e−iαu20f (2)u20(h, η)
]
. (77)
Notice that the O(4,1)qLuR does not really give rise to a new structure in the potential since
its dependence on the scalar fields coincides with the one of the quadratic invariant O(2)qL .
One can thus neglect this invariant in the study of the potential.
Regarding the Pη symmetry a difference with respect to the (6,6) and (15,6) is
present. The conditions on the phases of the embedding, namely αu20 = ±pi/2 and
βu20 = ±pi/2, are not enough to ensure that the invariants up to quartic order respect Pη.
The O(4,4)qLuR invariant, indeed, breaks the discrete symmetry and generates an interaction
of the form h2s. In order to ensure an unbroken Pη, one needs to also assume that the
composite sector is invariant under CP, in which case the O(4,4)qLuR invariant is forbidden.
In order to simplify the results a shifted form of the purely right and the mixed left-
right invariants at the quartic level has been used. The definitions are given by
O˜(4,2)qLuR ≡ O(4,2)qLuR −
|λuR |2
6
(
2 cos2 θ −
√
6 sin 2θ sinφ+ 3 sin2 θ sin2 φ
)
O(2)qL , (78)
O˜(4,3)qLuR ≡ O(4,3)qLuR −
|λuR |2
12
(
−2 cos2 θ +
√
6
2
sin 2θ sinφ
)
O(2)qL , (79)
and
O˜(4,1)uR ≡ O(4,1)uR −
|λuR |2
3
(
2 + sin2 θ −
√
6 sin 2θ sinφ
)
O(2,1)uR , (80)
O˜(4,2)uR ≡ O(4,2)uR −
|λuR |2
6
(
2 cos θ −
√
6 sin θ sinφ
)2
O(2,2)uR , (81)
O˜(4,3)uR ≡ O(4,3)uR −
|λuR |2
6
(
2 + sin2 θ −
√
6 sin 2θ sinφ
)
O(2,1)uR
− |λuR |
2
12
(
2 cos θ −
√
6 sin θ sinφ
)2
O(2,2)uR . (82)
In order to write more compact formulae we used the simplified notation θ ≡ θu20 and
φ ≡ φu20 .
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(6,20′) O(2)qL O(2,1)uR O(2,2)uR
Nc
16pi2
× λ2qL
m2Ψ
f2
λ2uR
m2Ψ
f2
λ2uR
m2Ψ
f2
µ2h/f
2 1 12(1 + s
2
θ)− 2√6s2θsφ
5√
6
s2θsφ − 2(1− s2θc2φ)
µ2η/f
2 0 4√
6
s2θsφ 4s
2
θc2φ +
4√
6
s2θsφ
λh −23 43√6s2θsφ −
1
3(1 + s
2
θ)
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8 c
2
θ − 14
√
6
9 s2θsφ +
10
3 s
2
θs
2
φ
λη 0 − 83√6s2θsφ −
32
3 c2φs
2
θ − 83√6s2θsφ
λhη 0 0 −4c2φs2θ −
√
6s2θsφ
(6,20) O(4)qL O˜(4,2)qLuR O˜(4,3)qLuR
Nc
16pi2
× λ4qL λ2qLλ2uR λ2qLλ2uR
λh 1
5√
6
s2θsφ − 2(1− s2θc2φ) 12c2θ − 12√6s2θsφ
λη 0 0 0
λhη 0 2s
2
θc2φ +
2√
6
s2θsφ − 12√6s2θsφ
(6,20) O˜(4,1)uR O˜(4,2)uR
Nc
16pi2
× λ4uR λ4uR
λh
(
2√
6
s2θsφ − 12(1 + s2θ)
)2 (
5√
6
s2θsφ − 2(1− s2θc2φ)
)2
λη
8
3s
2
2θs
2
φ
(
4s2θc2φ +
4√
6
s2θsφ
)2
λhη
4√
6
s2θsφ
(
2√
6
s2θsφ − 12(1 + s2θ)
) (
5√
6
s2θsφ − 2(1− s2θc2φ)
)(
4s2θc2φ +
4√
6
s2θsφ
)
(6,20) O˜(4,3)uR
Nc
16pi2
× λ4uR
λh
(
2√
6
s2θsφ − 12(1 + s2θ)
)(
5√
6
s2θsφ − 2(1− s2θc2φ)
)
λη
4√
6
s2θsφ
(
4s2θc2φ +
4√
6
s2θsφ
)
λhη
2√
6
s2θsφ
(
5√
6
s2θsφ − 2(1− s2θc2φ)
)
+
(
2s2θc2φ +
2√
6
s2θsφ
)(
2√
6
s2θsφ − 12(1 + s2θ)
)
Table 3: Contributions to the coefficients of the effective potential coming from the quadratic
and quartic one-loop invariants from fermions in the (6,20′) model. The results are given
for the Pη-symmetric case αu20 = βu20 = ±pi/2. The choice αu20 = −βu20 = ±pi/2 can be
obtained through the replacement φ → −φ. For shortness we used the notation sθ ≡ sin θu20 ,
cθ ≡ cos θu20 and analogously for φu20 . The second line reports the estimate of the size of the
coefficients multiplying each invariant. Notice that all the quartic invariants given in the last
three tables have µh = µη = 0. The definition of the O˜ operators is given in eqs. (78)–(82).
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The coefficients of the effective potential coming from the quadratic and quartic invari-
ants are listed in table 3 for the Pη-symmetric case, namely αu20 = ±pi/2 and βu20 = ±pi/2.
Notice that the O(4,1)qLuR invariant is not included since its contributions have the same struc-
ture as the ones from O(2)qL .
A.3 Gauge contributions
Since the SM gauge interactions break explicitly the global symmetry down to SU(2)L ×
U(1)Y × SO(2)η, the gauge loops generate a potential for the Higgs but not for the gauge
singlet η. The gauge contributions to the effective potential are typically neglected because
they are parametrically smaller than the ones coming from the top quark sector.
To derive the form of the spurions [37–39] we need to specify the embedding of the
elementary EW gauge fields into the adjoint representation of the composite-sector global
symmetry. The SU(2)L gauge fieldsW
a
µ gauge the corresponding subgroup of the unbroken
SO(5). The U(1)Y hypercharge boson Bµ, instead gauges the combination Y = T
3
R + X,
where T 3R is the third generator of the SU(2)R subgroup of SO(5), while X corresponds to
the generator of an additional (unbroken) U(1)X global symmetry needed to accommodate
the correct hypercharges for the fermions.
The spurions can be introduced by formally uplifting the gauge interactions to fully
SO(6) invariant operators, namely
Lgauge = gW aµJµ,aL + g′BµJµ,3R + g′BµJµX , (83)
where Jµ,aL , J
µ,3
R and J
µ
X denote the relevant composite-sector currents. Because the U(1)X
current is a singlet under SO(6) it does not generate any potential for the Higgses, so we
can focus on the remaining two terms. We can rewrite them as
Lgauge = GaIW aµJµ,I + G ′IBµJµ,I , (84)
where the index I runs over the 15 components of the SO(6) current multiplet Jµ,I . The
two spurions, which we can rewrite in matrix notation as
G = GaIT I , G ′ = G ′IT I , (85)
formally transform in the adjoint representation of SO(6), making the interaction terms
fully invariant.
In order to derive the contributions to the effective potential we must construct in-
variant terms using the spurions and the Goldstone multiplet Σ. At the leading order in
an expansion in g, g′, we find two invariants:
Og2 =
∑
a
ΣT · Ga · Ga · Σ = 3
4
g2 sin2
h
f
, (86)
Og′2 = Σ
T · G ′ · G ′ · Σ = 1
4
g′2 sin2
h
f
. (87)
39
The leading gauge contribution to the effective potential is thus given by12
V (2)gauge =
g2ρ
16pi2
f 4cg
(
3
4
g2 +
1
4
g′2
)
sin2
h
f
, (88)
where cg is a coefficient expected to be of order one. This potential corresponds to the
following contributions to the coefficients of the expanded effective potential
µ2h =
g2ρ
16pi2
f 2cg
(
3
2
g2 +
1
2
g′2
)
, λh = −
g2ρ
16pi2
cg
(
g2 +
1
3
g′2
)
. (89)
As can be seen from the above expressions, the gauge contribution to the effective po-
tential depends only on h and not η. This property is a consequence of the fact that
the coupling of the elementary gauge fields with the composite sector does not break the
SO(2)η subgroup.
B The thin-wall approximation
It is instructive to discuss the thin-wall limit as the analytical approximations can help
to gain some insights into the features of the phase transition. In this regime, the r-
dependent friction term in eq. (55) can be neglected and the bounce solution with → 0
is implicitly defined as
r =
∫ φT
φ
dϕ√
V (ϕ, T )
(90)
where the integral is evaluated along the path that extremises the action. While the
single-field problem is trivial, in the multi-field case the direction of the tunnelling path
in field-space is not known a priori. A good approximation is obtained by evaluating
the integral along the path that “minimises” the potential.13 Using the potential in the
high-temperature expansion as defined in eq. (6) and around the critical temperature, the
bounce configuration is explicitly given by
h(r) = vc sech
r
Lw
, with L2wv
2
c =
2
λ¯
λη
λh
, λ¯ = λhη −
√
λhλη (91)
where η2 = w2c (1− h2/v2c ) and Lw represent the thickness of the bubble wall.
12Due to the symmetry among the various gauge components with respect to SO(5), each gauge degree
of freedom contributes in the same way to the potential. For this reason the coefficient cg in front of the
two invariants is the same.
13The concept of “minimising” the potential away from a local or global minimum is intrinsically
ambiguous. To obtain a reasonable approximation, we constructed a curve that connects the true and
false vacua by minimizing the potential in the h direction at fixed η. For our potential this prescription
leads to numerical results in fair agreement with the exact ones.
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The euclidean action evaluated on the bubble configuration in the thin-wall limit is
S3 = 16piS
3
1/(3
2) with  = V (φT , T ) − V (φF , T ). It originates from the minimisation
of two competing contributions: the volume energy −4/3piR3, with R being the bubble
radius, and the surface energy 4piR2S1, where S1 corresponds to the one-dimensional
action, which in our case reads as
S1 =
1
3
v3c
(
λh
λη
) 1
4 √
λ¯ . (92)
The three-dimensional action is then given by
S3
T
=
(
64pi
81
)
v5c
T (T 2 − T 2c )2
γ =
(
16pi
81
)(
vc
Tc
)5
γ
∆x2
+O(∆x−1) (93)
with
γ =
(
λh
λη
)3/4
λ¯3/2(
ch − cη
√
λh/λη
)2 , (94)
and ch, cη defined in eq. (7). In the last equality of eq. (93) we expanded S3/T around the
critical temperature and expressed it in terms of ∆x = (Tc−T )/Tc  1 which parametrises
the amount of supercooling. As we already mentioned, the latter can be estimated by
determining the nucleation temperature Tn, through the condition (S3/T )|T=Tn = 140,
which is given by
Tn ' Tc
[
1− 2
9
√
pi
35
(
vc
Tc
)5/2√
γ
]
. (95)
The estimate above is typically within ∼ 20% from the result obtained from the numerical
simulations for vn/Tn . 1.5. The agreement degrades, as expected, for stronger phase
transitions. Moreover, for fixed λhη, the approximation improves for increasing λη.
Another key parameter characterising the phase transition is its inverse time duration,
normalised to the Hubble rate, that can be computed from the temperature variation of
the action. In the same thin-wall limit, this reads as
β
Hn
= T
d
dT
S3
T
∣∣∣∣
Tn
= 1260
√
35
pi
(
vc
Tc
)−5/2
γ−1/2 (96)
where the numerical factor, ∼ 4200, sets the typical scale of the β/Hn parameter. Notice
that, a stronger phase transition corresponds to a longer nucleation. The approximate
analytic result is ∼ 40% smaller than the numerical one for vn/Tn . 2 and λη . 2. The
discrepancy reduces below ∼ 20% for larger λη.
Finally, the vacuum energy density released during the phase transition, in the weak
supercooling regime, is
ρvac =
T 4c
2
(
vc
Tc
)2(
ch − cη
√
λh/λη
)
+ T 4c
(
c2h
λh
− c
2
η
λη
)
∆x+O(∆x2) , (97)
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while the latent heat reads ` = 2ρvac(1−∆x) +O(∆x2). From eq. (97) one can compute
α, the normalised vacuum energy density
α =
ρvac
ρrad
=
15
g∗pi2
(
vc
Tc
)2(
ch − cη
√
λh/λη
)
+O(∆x) , (98)
with ρrad = g∗pi2T 4/30, where g∗ is the number of relativistic degrees of freedom at the
temperature T . The analytic approximation for α deviates ∼ 10% from the numerical
result for vn/Tn . 2.
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